Abstract. The dynamics of a satellite on a circular orbit under the influence of gravitational and active damping torques, which are proportional to the projections of the angular velocity of the satellite, is investigated. Computer algebra Gröbner basis methods for the determination of all equilibrium orientations of the satellite in the orbital coordinate system with given damping torque and given principal central moments of inertia were used. The conditions of the equilibria existence depending on three damping parameters were obtained from the analysis of the real roots of the algebraic equations spanned by the constructed Gröbner basis. Conditions of asymptotic stability of the satellite equilibria and the transition decay processes of the spatial oscillations of the satellite at different damping parameters have also been obtained.
Introduction
In this paper, a symbolic-numerical study of the satellite dynamics under the influence of gravitational and active damping torques is presented. The gravity oriented satellite with different moments of inertia in the central Newtonian force field in a circular orbit has 24 equilibrium orientations and four of them are stable [1] . An important property of the gravity orientation systems is that these systems can operate for a long time without needing fuel spending. In the present work we analyze the behavior of a satellite acted upon by the gravity gradient and active damping torques. The action of damping torques can provide the asymptotic stability of the equilibria of the gravity oriented satellites. Therefore, it is important to investigate the joint action of the gravitational and active damping torques and to analyze the necessary and sufficient conditions for asymptotic stability of the satellite equilibria on a circular orbit.
In the present work, the problem of determination of the classes of equilibrium orientations and the conditions for asymptotic stability of defined equilibria for the general values of damping torques is considered. The investigation of equilibria was performed by application of the Computer Algebra Gröbner basis methods. The types of transition decay processes of spatial oscillations of the satellite at different damping parameters have been investigated numerically.
The computer algebra methods for the investigation of the asymptotic stability of the equilibrium orientations of a satellite were successfully used earlier for another model of damping torques [2] .
Equations of Motion
Consider the motion of the satellite-rigid body subjected to gravitational and active damping torques on a circular orbit. We assume that the active damping torques are proportional to the projections of the angular velocity of the satellite. To write the equations of motion we introduce two right-handed Cartesian coordinate systems with origin at the satellite center of mass O. The orbital coordinate system OXYZ; the axis OZ is directed along the radius-vector from the Earth center of mass and the satellite center of mass; the axis OX is along the direction of the satellite orbital motion. The satellite body coordinate system Oxyz; Ox, Oy, and Oz are the principal central axes of inertia of the satellite. The orientation of the satellite body coordinate system Oxyz with respect to the orbital coordinate system is determined by means of the aircraft angles of pitch (α), yaw (β), and roll (γ). The direction cosines of the transformation matrix between the orbital coordinate system OXYZ and Oxyz are given in [3] .
Let the satellite be acted upon by the moments of active damping, their integral vector projections on the axis Ox, Oy, and Oz are equal respectively to: M x =k 1 p 1 , M y =k 2 q 1 , and M z =k 3 r 1 . Herē k 1 ,k 2 , andk 3 are the damping coefficients, p 1 , q 1 , and r 1 are the projections of the satellite angular velocity onto the axes Ox, Oy, and Oz; ω 0 is the angular velocity of the orbital motion of the satellite center of mass. Then, the equations of satellite attitude motion can be written in the dimensionless Euler form: 
Equilibrium Orientations of the Satellite
Putting in (1) α = α 0 = const, β = β 0 = const, γ = γ 0 = const, we obtain the stationary equations a 22 a 23 − 3a 32 a 33 + k 1 a 21 = 0, a 21 a 23 − 3a 31 a 33 + k 2 a 22 = 0, a 21 a 22 − 3a 31 a 32 + k 3 a 23 = 0, (2) which specifies the equilibrium orientations of the satellite in the orbital coordinate system at A B C, such that the orthogonality conditions for the direction cosines are fulfilled
where δ i j is the Kronecker delta and (i, j = 1, 2, 3).
. We will consider the case when the damping coefficients k 1 , k 2 and k 3 are positive.
Equations (2) and (3) form a closed system of equations with respect to the six direction cosines identifying the satellite equilibrium orientations. For this system of equations we formulate the following problem: given k 1 , k 2 , and k 3 , determine all the nine directional cosines, i.e., all satellite equilibrium orientations in the orbital coordinate system. After a 21 , a 22 , a 23 , a 31 , a 32 , and a 33 are found, the direction cosines a 11 , a 12 and a 13 can be determined from the conditions of orthogonality.
To find solutions of the algebraic system (2)- (3) we used the algorithm for constructing the Gröb-ner bases [4] , implemented as the package Groebner[Basis] in the computer algebra system Maple 15 [5] . We constructed the Gröbner basis of the system of six second-order polynomials (2)- (3) F, plex(a31, ... a22)) ). Below we write down the polynomial in the Gröbner basis that depends only on one variable x = a 22 . This polynomial has the simple form a 22 (a
The polynomials from the Gröbner basis that depend on the variables a 21 , a 23 have similar forms (a 21 (a To determine all equilibria, it is required to consider separately the following three cases: a 22 = 1, a 22 = −1, and a 22 = 0. In the first and second cases, i.e., a 22 = ±1 (a 21 = a 23 = 0) the system (2), (3) results in the following equilibrium solutions (k 2 < 9/4):
In the third case, a 22 = 0, it is easy to find from the system (2)-(3) two sets of simple equilibrium solutions.
Necessary and Sufficient Conditions of Asymptotic Stability of the Equilibrium Orientations of a Satellite
In order to study the necessary and sufficient conditions of asymptotic stability of the determined above equilibrium orientations of the system (2)-(3) we use the linearized system of equations (1) in the vicinity of the equilibrium solution (5)
The quantities α, β, and γ are written in the form α = α 0 +ᾱ, β = β 0 +β, γ = γ 0 +γ, whereᾱ,β andγ are small deviations from the equilibrium orientation of the satellite α = α 0 , β = β 0 , γ = γ 0 , satisfying the system of equations (2)-(3). Now let us consider the small oscillations of the satellite in the vicinity of the specific equilibrium orientation (6) in the case k 1 = k 2 = k 3 = k. The linearized equations in this case take the form
θ Aγ + kγ + (θ A + θ C − 1)β + (1 − θ C )(3 cos 2 α 0 + 1)γ + [3(1 − θ C ) sin α 0 cos α 0 + k]β = 0.
The characteristic equation of the system (7)
[λ 2 + kλ + 3(θ A − θ C ) 9 − 4k 2 ](A 0 λ 4 + A 1 λ 3 + A 2 λ 2 + A 3 λ + A 4 ) = 0.
decomposes into quadratic and 4th degree equations. Here, the following notations are used: 
